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Formulation of the problem.
Despite intensive research into the effects of the
earth's atmosphere on the results of distance
measurements carried out with the help of
electromagnetic waves on surface paths, these effects
are still one of the most significant factors limiting the
accuracy of such measurements. These effects include,
as is known [1-3], the difference between the speed of
signal propagation in the atmosphere and the speed of
light in a vacuum, as well as the curvature of the
trajectory along which the signal propagates due to the
effect of refraction.
These effects can be compensated either by
introducing
the
corresponding
independently
determined corrections into the measurement results, or
by instrumental means directly during the
measurements. The analysis of promising methods for
determining the corrections for the refractional
curvature of the trajectory (which usually affects the
measurement accuracy much less than the difference
between the signal propagation speeds in the medium
and the vacuum) was performed in [4].
As for the compensation of the influence of the
atmosphere on the speed of signal propagation, to which
the main attention will be devoted further, it is carried
out using the average integral along the measured path
of the refractive index
D



n = D −1 n( r ( ))d .

(1)

0

The integration in the formula (1) is performed
along the radial trajectory (from the initial point of the
trajectory = 0 to the final = D); the shape of the
trajectory is determined by the ray equation of
geometric optics [5]; n (r) is the dependence of the
refractive index of air n on the coordinates r = r (x, y,
z); D is the length of the trajectory corresponding to the
length of the measured line.
The determination of the value is possible both on
the basis of the model representations of the profile n (r)
and integral (1), and by instrumental means directly
during the measurements. Among the model
representations, the so-called point approximation
methods are often used, based on the representation of
the integrand function or the integral (1) itself as a sum
of terms determined at certain fixed points of the
measured trace. For the instrumental approach, the most
well-known are geodesic and dispersion methods [1-3].

Given the complexity of the practical
implementation, as well as the limitations laid down in
the basis of instrumental methods (in particular, the
neglect of the refractive spatial spread of the trajectories
of signals with different optical carrier wavelengths for dispersive methods [2], as well as the use of the
concept of average integral refraction coefficient for
geodetic methods [3 ]), this article discusses the
accuracy capabilities of model methods using
approximation principles, namely: methods based on
the representation integral (1) finite sum. The most
studied among such methods are the methods that use
the trapezoid and Euler-Maclaurin formulas for the
approximate representation of integral (1), in particular,
the gradient method [6–8].
Further, the main results achieved to date in the
study of these methods are analyzed, the prospects for
their further development are discussed.
The presentation of the main material.
Using the Euler-Maclaurin integration formula,
based on the integral representations of the ray
equations of geometric optics proposed in [9, 10],
relation (1) in the case of the gradient method for
determining the average integral air refractive index can
be represented as [6-8]:
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- the ratio that coincides with the working formula for
the average integral refractive index of air, determined
by the trapezium method;
i
 i = D  ; i = 1,2,...N − 1 : N - number of breaks in
N
the integration interval ( N +1 – the number of points at
which measurements of local values of the refractive
index are performed); z L and z0 - angles of vertical



refraction at the end points of the path; g G L , g V L , g G 0
and

gV0 - the values of the horizontal and vertical

projections of the gradient of the refractive index of air
at these points;
REM - residual term of the EulerMaclaurin integration formula.

It is easy to see that the relation (2) of the gradient
method refines the relation (3) of the well-known
method of point approximation by taking into account
the results of measurements of the gradients of the
refractive index of air and the refraction angles at the
end points of the path (which, in principle, allows
reducing the number of intermediate points of the path
in which local values of the refractive index of air). It
also generalizes the well-known geodesic method of A.
L. Ostrovsky [3] due to additional measurements at
intermediate points of the route.
Increasing the accuracy of the gradient method, the
measurement equation of which is based on relation (2),
as compared to the trapezoidal method (formula (3)),
can be established by comparing the residual terms in
integral representations of (1) with finite sums for these
methods [11, 12] . For the gradient method (2), the
residual term is
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where   - some point of the trajectory in the
integration interval, and for the point approximation
method using the trapezoidal formula (3) this will be the
ratio
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where   - also some point on the integration interval.
If a
(6)
REM  RT ,
This gradient method has a higher potential accuracy
than the one based on the trapezoid formula.
To verify the validity of this statement, we
substitute (4), (5) into (6) under the assumption that the
function n( ) near points   ,   , in which residual
terms are defined (4) (5), changes according to the law
n  e − gV ( −  ) − вблизи 
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n  e V

Then, considering that, at km -1 (this value is typical for
the vertical gradient of the refractive index of air in
normal conditions), = 1 ... 100 km (the possible length
range for laser measurements on near-earth paths),
(when all measurements are carried out only in end
points of the trace), we find that the value of the right
side of inequality (6) significantly exceeds the value of
the left side. Thus, on the basis of estimates of the
residual terms, the order of magnitude of which is
determined by the order of the derivative of the
integrand function, we can conclude that the formula of
the gradient method for determining the average
integral refractive index of air is characterized by much
greater potential accuracy than the formula of the
trapezium method. Quantitative estimates of the error of
these formulas can be specified on the basis of a

numerical or full-scale experiment with real profiles of
the refractive index of air.
The disadvantages of the above methods, the
working relations of which are reflected in formulas (2),
(3), include the requirement of uniform placement along
the integration interval of points for determining the
local values of the refractive index of air necessary for
the approximate calculation of integral (1). This
requirement is not always feasible in practical
measurement conditions (in particular, when measuring
over a strongly inhomogeneous underlying surface). To
eliminate this drawback, a variant of the gradient
method is considered below with nonuniform splitting
of the integration interval.
In [13], it was shown that the working relations of
this method can be obtained based on the calculation of
integral (1) using the Hermite interpolation polynomial
[11, 12] for an approximate representation of the
dependence of the refractive index of air on the ray
coordinate
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The remainder term for the above Hermite
interpolation formula (7) is

RE = n( ) − nm ( ) =

nm+1(  )
 ( ) ,
(m + 1)!

where the point belongs to the integration interval.
Relation (7) is simplified in the case of, that is,
when derivatives are used for interpolating functions
only at the start and end points of the path (as in the
gradient method based on formula (2)). In this
practically important case, the desired value can be
represented by the ratio
nD =
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Further simplifications are realized when, when
only values for the start and end points of the path are
used for the determination. Using formula (8), we then
obtain an analytical relation that completely coincides
with formula (2) of the gradient method with (taking
into account the relationship of the derivative of the ray
coordinate of the refractive index with the gradient of
the refractive index and the angle of refraction [6,10]).
The coincidence of the residual terms of these relations
indicates the comparable potential accuracy of both
methods for measurements carried out only at the end
points of the path.
If, however, and for determining except at the end
points, the value at some intermediate point is used,
then the integrals in (8) are also represented by analytic,
but rather cumbersome functions (which for this reason
are not given here). Note that the limiting transition to
the Euler-Maclaurin quadrature formula (2) in this case
is not satisfied even under the condition that the trace is
evenly divided. Indeed, for formula (8) gives a relation
that no longer coincides with (2) with
1 
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(in which to reduce the entry is not given the
residual term). It is essential, however, that this residual
term will be proportional to the derivative of the fifth
order, and not the fourth, as in the case of the EulerMaclaurin decomposition with (formula (4)). Moreover,
the increase in the number of intermediate points in the
case of Hermite interpolation, in contrast to the case of
Euler-Maclaurin, increases accordingly the order of the
derivative in the remainder term. This means that the
use of Hermite polynomials improves the potential
accuracy of the gradient method.
A more detailed analysis of the accuracy of the
method under discussion can be carried out using model
or experimental data on the spatial profiles of the
refractive index of air on the measured path.
Conclusions and offers.
An analysis was made of ways to improve the
accuracy of model methods for taking into account the
average integral refractive index of air when measuring
distances carried out using electromagnetic waves on
surface paths.
The possibilities and prospects for the further
development of the gradient method, which refines the
well-known point approximation method - based on
additional information about the gradients of the
refractive index of air and the refraction angles at the
end points of the measured path, and the well-known
geodetic method of A. L. Ostrovsky are considered due to additional measurements of local values
refractive index of air at intermediate points of the
route.

The possibility of modifying the gradient method to
the case of non-uniform splitting of the measured trace
by points, in which local values of the refractive index
are determined, is shown. It is of interest to study the
accuracy of the gradient method using experimental
data on the profiles of the refractive index on surface
paths.

References
1. Большаков В. Д. Радиогеодезические и
электрооптические
измерения
/
В.
Д.
Большаков, Ф. Деймлих, А. Н. Голубев, В. П.
Васильев. – М.: Недра, 1985. – 303 с.
2. Андрусенко А.М. Методы и средства
прецизионной лазерной дальнометрии / А. М.
Андрусенко, В. П. Данильченко, А.В. Прокопов,
В. И. Пономарев, И. В. Лукин. - М.: Изд-во
стандартов, 1987. – 224 с.
3. Островский А. Л. Учет атмосферных влияний на
астрономо-геодезические измерения / А. Л.
Островский, Б. М. Джуман, Ф. Д. Заблоцкий, Н.
И. Кравцов. - М: Недра, 1990. - 235 с.
4. Прокопов А. К теории инструментальных
методов учёта рефракционного удлинения
траекторий
электромагнитных
волн
при
дальномерных измерениях на приземных
трассах /А. Прокопов, И. Тревого // Сучасні
досягнення геодезичної науки та виробництва. 2017. – Вип.II (34). – с.85-87.
5. Кравцов Ю. А. Геометрическая оптика
неоднородных сред / Ю. А. Кравцов, Ю. И.
Орлов. – М.: Наука, 1980. – 304 с.
6. Прокопов А. В. Интегральные теоремы
оптической
рефракции
в
трехмернонеоднородной атмосфере и их геодезические
приложения / А. В. Прокопов, Е. В. Ремаев, А.
В. Бражниченко // Оптика атмосферы. -1989. –
т.2, №12. –с. 1260-1264.
7. Кравченко М. Лазерна віддалемірна система
вищої точності для лінійних вимірювань на
геодинамічних полігонах України / М.
Кравченко, П. Неєжмаков, О. Прокопов //
Геодинаміка. – 1998. –вип. 1. –с.37-44.
8. Прокопов
А.
В.
Градиентный
метод
определения среднеинтегрального показателя
преломления воздуха / А. В. Прокопов, Е. В.
Ремаев // Тез. докл. I Украинской научной
конференции
«Комплексні
дослідження
сучасної геодинаміки земної кори». Алушта, 2026 вересня 1993. – Львів: вид. ЛПІ, 1993. –с.50.
9. Прокопов А.В. Об интегральном представлении
лучевых уравнений геометрической оптики / А.
В. Прокопов // Письма в ЖТФ. - 1985. - Т.II,
вып. 24. - С.1526-1529.
10. Прокопов
А.В.
Закон
преломления
геометрооптических лучей в трехмернонеоднородных средах / А. В. Прокопов //
Письма в ЖТФ. - 1988. - Т. 14, вып. 2. С.107-110.
11. Крылов В.И. Приближенное вычисление
интегралов / И. И. Крылов. - М.: Наука, 1967.500с.

12. Березин И. С. Методы вычислений, часть 1 / И.
С. Березин, М. П. Жидков. – М.: Наука 1966. –
632 с.
13. Бражниченко
А.
В.
Имитационное
моделирование дальномерных измерений и его
использование для исследования методов
определения атмосферных поправок / А. В.
Бражниченко, А. В. Прокопов // Тез. Докладов
Ш
Всесоюзной
НТК
«Метрология
в
дальнометрии». Харьков, 18-20 октября 1988. –
Харьков: НПО «Метрология», 1988.- с 179-181.

TO THE THEORY OF GRADIENT METHOD OF
DETERMINATION THE MEAN INTEGRAL
REFRACTIVE INDEX OF AIR AT LONG
DISTANCE MEASUREMENTS ON THE
NEAR-EARTH TRACES
P. Neyezhmakov, A. Prokopov, I. Trevoho
An analysis of the accuracy of the gradient method
for determining the mean integral refraction index of air
at range measurements on the surface tracks is
executed. It is shown the possibility of modifying this
method to the case of uneven partition of the measured
trace by points, in which the local values of the
refractive
index
are
determined.

