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Scientific Problem Stating 
It is known, that any real system of biochip origin, is 

connected with a large number of variables in the 

environment and can not always be described as a linear 

function [1;2;3;4]. This is why the attempts to perceive the 

processes occurring in such a system are impossible 

without creating a simplified model in comparison with 

the real analogue [5]. 

Intensive development of fractal geometry in recent 

years allows to some extent solving the above-mentioned 

complications with the use of computer modeling [6;7]. 

Computer hypothesis about the mechanism of bioliths 

growth (cholesterol units) is based on the assumption of 

statistically uniform diffusion of the environmental 

components migration in the crystal space around any 

center (growing unit) [8]. In this regard the process of 

diffusion is complicated by filtration processes which are 

accompanying by components sorption and adhesion in 

the interaction with the machine [7]. Consequently, the 

dissipative structure appears, it is related to unbalanced 

thermodynamic system and threshold character changes 

[9]. From a mathematical point of view threshold 

imbalance and nature of self-organization are associated 

with non-linear equations. For linear equations, there is 

only one steady-state, and for non-linear - few of them. 

Thus, threshold self-organization character is associated 

with the transition from one steady state to another, due to 

the loss of system stability that occurs in terms of smooth 

external conditions changing [5;9]. 

The phenomenon of such conduct of any physical-

chemical system is sufficiently described by the principles 

of fractality. Fractal behavior of many natural phenomena 

and the development of theory for structuring this kind 

branching objects is the fractal dimension D –quantitative 

characteristic of fractal sets. However, the question of the 

numerical determination of the fractal dimension is 

ambiguous and requires systematic researches. Regarding 

all these, the topic issue of our article is relevant [6]. 

 

Analysis of the latest research and 

publications. 
In recent years the interest to the possibilities of 

applying the principles of fractal geometry in 

biomineralogy is significantly increased. In this context, 

we emphasize the several fundamental works [3; 4]. In 

[10; 11] is proposed to distinguish the fractal dimension of 

bile crystals as a criterion of its lithogenicity assessment  

Possibilities of percolation clusters application, which 

are based on the determination of their fractal dimensions, 

are considered in [5]. The application of fractal growth 

theory for evaluation of physical and chemical properties 

of bile is reviewed in the following work [11]. The 

unconventional is a proposal to determine the fractal 

dimension of Hausdorff-Besicovitch dimension using 

Rainier metrics [12]. 

 

Paper Outline 
Biogenic mineral formations of insecretory glands are 

similar to rocks. There are three stages of its development: 

birth, growth and destruction (changes) [3;4]. Famous 

paper [10], devoted to the bioliths research, focuses on 

various aspects of assessment of their material 

composition. 
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Fig. 1 а, b, c, g, d, e. Examples of SEM-images of 

the peculiarities of biogenic mineral formations structure 

of various origins (SEM “HITACHI S-800”)  

 

However, it is well known that a detailed study of 

microstructures is also important for the knowledge of the 

conditions of their formation. This applies particularly to 

the reconstruction of spatial (three-dimensional, 

volumetric) images of scanning electron microscopy 

(SEM). 

To study changes of the mineral individuals and 

aggregates onthogenic features in the stage process of the 

calculus development REM stereometric method of study 

is recommended (fig.1) [8]. 

For biogenic mineral formation, which is stipulated by 

natural vital functions of organisms, the variety of bulge 

formings conditions, which in turn manifests itself in a 

variety of digital micro-relief models, is significant 

(DTM) (fig.1). Obviously, that the results of the DTM 

bioliths research can provide useful information on the 

nature and genesis of statistical parameters and open the 

mechanism of their formation [8]. It is clear that the 

correct test to the theory of complex phenomena must 

have, in addition to traditional, data from independent 

sources, which are SEM-microscopy. 

 

1. 1D theoretical and phenomenological model of 

bioliths genesis. 

Consider the possible theoretical models and physical 

mechanisms of (DTM) formation in biometeorology. 

Surface relief of biolith is formed directly in the process 

of its growth. In this regard theoretical calculations of 

autocorrelation functions, fractal dimension spectral 

density resulting from the specific model representations 

about the mechanisms of growth are of a direct interest. 

We describe a method of calculating the 

autocorrelation function based on a simple statistical 

model for the growth of one-dimensional case [8]. 

Let the random points of the axis x  point having 

embryos with some intensity ( )I I t . Each embryo grows 

with a constant tangential v  and vertical 
hv  velocities. 

So freely growing embryo takes the form of an isosceles 

triangle with the angle  φ  at the base, which is 

determined by the following condition: 

φ= / ηhtg v v  .  (1) 

When the inevitable clashes of neighboring germ 

growing their growth in contact stops, but in all available 

areas - continues from the previous rate. As a result in a 

one-dimensional powdered relief is formed, that after 

achieving continuity, without changing, rises up as a one 

entity. Thus, asymptotically stationary (in time) and 

random (in space) powdered relief is formed. There are 

two versions of the origin. Instant case (by 0t  ) of the 

origin of all centers with density N  (  –model) and 

continuing case throughout the nucleation process with 

constant intensity ( )I t I  ( –model). 

The distribution of dimensionless height profile by h  

relative to the average level of density: 

 ( ) 2exp (1 2 )h h     by 1/ 2h  ,  (2) 
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in  –variant. According to the obtained distribution 

heights functions, found explicitly theoretical 

autocorrelation function (ACF) has the following form: 
2 (1 2 )exp( 2 ),  / ,  1/G s s s x a a N     , (4) 

1/2( ( )) / 2G O a   .   (5) 

Knowing the ACF, it is easy to calculate the known 

spectral density functionals and dependent ACF and the 

spectral density of the fractal dimension.  

With respect to real forms microscopic situation is 

somewhat much more complicated. The triangular form of 

microscopic germs is accepted in a model for the purpose 

of theoretical ACF calculations. In real cases asperities are 

more smooth, rounded, although in some cases there are 

faceted figure of growth. However, there are reasons to 

suppose that the statistical properties of the surface 

microrelief are determined mainly by statistics of spatial 

distribution of asperities, and asperities form is shown in 

some ACF details.  

 

2. 2D probabilistic-computer model of bioliths 

growth. 

Consider a computer model of dendritic formations on 

the basis of random iterations (walks) which are not 

limited by diffusion, but only by diffusion process within 

the matrix in the form of a round disk, and the area 

generating stray particles on a square lattice, in a 

peripheral neighborhood [7]. That algorithm of dendritic 

clusters digital generation can be called a model based on 

random walks, unlimited by diffusion. By this, the   

trajectory of particles in space behaves as follows. Under 

the certain conditions there is an area that most attracts 

wandering particles in which the probability of 

aggregation is equal to maximum. In the next aggregation 

of two or more particles in this area, it is a result of the 

bifurcation branching (that is, the emergence of two 

independent lines of growth). During the long existence of 

unbalanced condition occurs bifurcation sequence that is 



accompanied by disordered branching structures. This 

model of fractal forms by the previous determination 

amount (concentration) of particles The above mentioned 

RW model is simplified. More realistic is the model of 

limited aggregation diffusion (LAD).  

LAD models are characterized by the accumulation of 

elements (pixels, monomers etc.), which accidentally 

moving relatively to one or more centers (kernels, beans 

and so on.). At Fig. 2 the cluster obtained by LAD is 

shown.  

In this process the monomers are moving randomly 

from a remote source (diffuse). Reaching cluster 

monomers stick to it. The process of aggregation of this 

kind generates clusters of fractal dimension D ≈1,70 in 

the case of diffusion in the plane, i.e. the dimension of 

space Е=2. Numerical experiments conducted in space 

with Е=3 yielded clusters of fractal dimension D ≈2,50.  

 
            а)                                        b) 

 
                                      в) 

Fig 2, а, б, в. Dendritic growth in a circular cluster 

with a formation radius:  

а) R = 80 pixels; б) 90 pixels; в) 100 pixels 

 

It should be stressed that if the cluster is porous or 

accidental, it does not mean that it fractal. Fractal cluster 

differs by property that with increasing the size of its 

density decreases by law, described indicator in the ratio 

(particle-radius). If you enter the density number of 

particles, the density at radius r for clusters, similar to the 

expression depicted on Fig. 2: 

0( ) D D Er R r   .  (6)   

This density is constant, when fractal dimension D  is 

equal to the fractal dimension of Е space in which the 

cluster is situated. Otherwise fractal clusters have a 

density that decreases with increasing distance from the 

center, i.e. fractal dimension of the cluster is the cluster 

quantitative characteristics, namely characteristics of 

space filling. Consequently, fractal dimension is an 

important characteristic of bioliths growth [7]. It is 

proposed to receive its value from the following 

expression: 

ln( ( )

ln

AN r
D

r


 ,  (7) 

where A – the area of single cell (floating (walking) 

particles); r –cluster radius; ( )N r – the total number of 

particles that make up the cluster radius r ; 3,14  . 

 

3. 3D empirical structural function (DTM)  

Let in some area   in N  points with coordinates 

( ; )k kx y   measured by SEM geometry value unknown 

digital model microrelief function ((DTM)) ( ; )f x y , 

which are identified throughout the whole area 
1

n

i

i

  

, where 0i j    for ,  1...i j n  . In regard of this, 

relief is discretely presented, that point height z  is 

determined as a function of its position (coordinates x and

y ). 

Based on the thus obtained solid values ,i jz  structural 

function can be calculated (DTM) .  

Two-dimensional structural function is given by 

[13;14;15]: 
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, 0,1,2... 1k m N  ,   (8) 

where N – the number of points in each direction of 

regular grid;  – Euclidean distance between points ( , )i j  

and ( ; )j k j m   on the surface. 

Structural function allows approximation, speaking on 

the language of fractal geometry, in a scale ratio: 
2(3 )

( ) fD
S  


.  (9) 

For the fractal dimension of randoms calculation 

(DTM), the following algorithm is proposed. For each 

point (DTM) the structural function value is determined 

by the following formula (8) and   is calculated. For the 

set of values ( , ( ))S   the chart of dependence is received

ln ( ) lnS   . Defining the line of regression, we receive 

fD
 

 as a coefficient of the regression line slope. An 

example of the practical application of this algorithm is 

shown in Figure 3.  

 
Fig. 3. Chart of regressive dependence ln ( ) lnS    

for determining the fractal dimension 2,32fD   
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In the method of structural features the fractal 

dimension was determined by coating the surface of 

cubes. 

 

 

Summary 
1. Different models of bioliths genesis mechanisms 

are considered. For the one-dimensional case theoretical 

and phenomenological model is offered, for which 

obtained in explicit form features and elevation ACF. 

2. Dendritic growth of bioliths is illustrated by 

probabilistic computer model, which is based on 

Brownian modified kinematics. 

3. In the case of three-dimensional model the 

empirical data for the SEM-geometry is distinguished.  

4. Correct estimation of fractal dimensions is 

grounded for the above-mentioned models. 

5. The article is illustrated by bioliths 

photomicrographs obtained with the help modern SEM. 
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 The article explores the application of the 

principles of fractal geometry for evaluation bioliths 

genesis mechanisms. The one-dimensional theoretical 

and phenomenological model that provides a function 

of elevation and ACF is offered. For two-dimensional 

space probabilistic computer model based on the 

principles of Brownian motion is considered. 

Empirical 3D model is proposed to obtain with modern 

REM. For all these models the expressions of their 

fractal dimensions are conducted. 

 

 

 

 

 

 


